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Abstract 

The instanton configuration in the SU(2)-gauge system with a Higgs doublet is 
constructed by using the new valley method. This method defines the configura¬ 
tion by an extension of the field equation and allows the exact conversion of the 
quasi-zero eigenmode to a collective coordinate. It does not require ad-hoc con¬ 
straints used in the current constrained instanton method and provides a better 
mathematical formalism than the constrained instanton method. The resulting 
instanton, which we call “valley instanton”, is shown to have desirable behaviors. 
The result of the numerical investigation is also presented. 
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1 Introduction 


The instantons in the gauge-Higgs system play important roles in the investigation of the 
nonperturbative aspects of the theory. One of such nonperturbative phenomena is the baryon 
number violation process in the electroweak theory B0. The tunneling between different 
vacua, which may not be negligible in the TeV region, results in the violation of the baryon 
number and lepton number conservation via anomalies in the respective currents. This process 
is best evaluated in the instanton method p, ^ and its variations p. The other is the 
investigation of the SUSY theories, where the instanton effects are essential in the symmetry 
breaking [|, 0, g |. 


Construction of instanton in these theories is not trivial due to the well-known scaling 
argument, which shows that among all the configurations of hnite Euclidean action, only the 
zero-radius conhguration can be a solution of equation of motion. Consequently, all of the 
evaluation mentioned above used the so-called constrained instanton formalism [|Tg|. In this 
formalism, one introduces a constraint in the system so that the hnite-radius configuration 
can be a solution of the equation of motion under the constraint. By integrating over the 
constraint parameter, one hopes to recover the original functional integral. One problem about 
this method is that its validity depends on the choice of the constraint: Since in practice one 
only does the Gaussian integration around the solution under the constraint, the degree of 
approximation depends on the way constraint is introduced. Unfortunately, no known criterion 
guarantees the effectiveness of the approximation. 


This situation could be remedied once one realizes that what we have near the point¬ 
like (true) instanton is the valley. The trajectory along the valley bottom should correspond 
to the scaling parameter, or the radius parameter of the instanton. As such, the hnite- 
size instanton can be dehned as configurations along the valley trajectory. Furthermore, in 
practical applications we need to incorporate the contribution of the instanton-anti-instanton 
valley ao- Thus treating a single instanton as a conhguration on the valley provides a 
means of unifying the approximation scheme. We dub these conhgurations “valley instanton”. 

One convenient way to dehne the valley trajectory is to use the new valley method [T^, |T^] . 
Denoting all the bosonic helds in the theory by 0o(x), the new valley equation for the theory 
with action S'[0o] is written as follows; 
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Fyiy) = XFa{x), 


Fa{x) 


6S 

6(j)a{x) ’ 


( 1 ) 


1 





where A is the smallest eigenvalue of 6^S/6(j)6(j). The eigenvalue A also plays the role of the 
parameter on the valley trajectory. The field Fa{x) is an auxiliary field that can be eliminated, 
but is convenient for later analysis. 


Unlike the streamline method used before, the new valley equation (|I]) is a local 
equation in the functional space, and does not require any boundary condition for the valley 
itself. Also, it is an extension of the equation of motion, which can be analyzed by using the 
conventional methods. The strength of the method lies in the fact that it defines the valley 
trajectory such that the eigenvalue used in the new valley equation is compieteiy removed from 
the Gaussian integration. In other words, by choosing the eigenvalue in the new valley equation 
one can remove the unwanted negative, zero or pseudo zero modes from the Gaussian integral. 
In this sense, it defines a method of extending the ordinary collective coordinate method to 
the case of negative or psuedo-zero modes. 


In the following, we will write down the new valley equation for the gauge-Higgs system 
and present the analytical and numerical evaluation of the solutions to reveal the properties 
of the valley instanton. 


2 New-valley equation in the gauge-Higgs system 


We consider the SU(2) gauge theory with one scalar Higgs doublet, which has the following 
action S = Sg + Sh] 


Sg ^ ^ j d^X trFggFgg, ( 2 ) 

Sg = \jd‘x {DgH) + i [h'H - , (3) 


where = dg,A^ — d^Ag — i [A^, Aj,] and = dg — iA^,. The masses of the gauge boson 
and the Higgs boson are given by. 
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The valley equation for this system is given by, 
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where the integration over the space-time is implicit. The valley is parametrized by the 
eigenvalue Xg which is identified with the zero mode corresponding to the scale invariance in 
the massless limit, n —0. 


To simplify the valley equation, we adopt the following ansatz; 

Af,(x) = ■ 2a(r), H{x) = v {1 - h{r)) r], (6) 

oc 

where ?7 is a constant isospinor, and a and h are real dimensionless functions of dimensionless 
variable r, which is defined by r = /p. We have introduced the scaling parameter p so 

that we adjust the radius of valley instanton as we will see later. The tensor structure in (|^) 
is the same as that of the instanton in the singular gauge. Inserting this ansatz to (P), the 


structure of and is determined as the following; 

F^^{x) = (7) 

By using this ansatz, and (|^), the valley equation (|]) is reduced to the following; 

-li = x(HV“. (8) 

~Xt - l)(ft - 2) = iptif!'', (9) 

r'* dr \ dr J 4 
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+^(H"a(h - I)/' = (10) 
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+ ^(h-l)r = (pn)V", (11) 


where z/ is defined as Xg = v'^p/X. 


In the massless limit, pn —0, (||) and (j^) reduce to the equation of motion and (pT]) and 
(pT|) to the equation for the zero-mode fluctuation around the instanton solution. The solution 
of this set of equations is the following; 
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where C is an arbitrary function of pv. Note that Oq is an instanton solution in the singular 
gauge and is a Higgs configuration in the instanton background [Q]. We have adjusted the 
scaling parameter p so that the radius of the instanton solution is unity. The mode solutions 
/g and /q are obtained from dao/dp and dho/dp, respectively. 


3 Analytic construction of the valley instanton 


In this section we will construct the valley instanton analytically. When pv = 0, it is given 
by the ordinary instanton configuration Og, hg, /g and f^. When pv is small but not zero, 
it is expected that small pv corrections appear in the solution. On the other hand, at large 
distance from the core of the valley instanton, this solution is expected to decay exponentially, 
because gauge boson and Higgs boson are massive. Therefore, the solution is similar to the 
instanton near the origin and decays exponentially in the asymptotic region. In the following, 
we will solve the valley equation in both region and analyze the connection in the intermediate 
region. In this manner we will hnd the solution. 

In the asymptotic region, a, h, /“ and become small and the valley equation can be 
linearlized; 
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The solution of this set of equations is 
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where Q are arbitrary functions of pv and are defined as ^ — 2u. The 

function G^{r-) is 


G,{r) = 


pKi{pr) 


( 21 ) 


(27r)2r ’ 

where Ki is a modihed Bessel function. As was expected above, these solutions decay expo¬ 
nentially at inhnity and when r -C they have the series expansions; 
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c being a numerical constant where 7 is the Euler’s constant. 

Near the origin, we expect that the valley instanton is similar to the ordinary instanton. 
Then the following replacement of the held variables is convenient; a = qq + {pv)‘^a, h = 
ho + {pv^h, /“ = /o + = fo + {pvYf^- If we assume oq > {pv^a, ho > {pv^h, 

fo 3> {pvYf^' and /g 3> {pv)‘^f^, the valley equation becomes 

^ ^ ~ ^ -^hoibo - l){ho -2) = fl}, (27) 

^ r] / r]f^\ A - 24 

“r ^ 

+ f^(^o - l)^/(? + yao(ho - !)/(?■ = (28) 

^ + 4(3^0 - 6ho + 2)/o^ 

+ ;^Oo(^o ~ l)/“ + ;^(^o ~ l)/i?® + = ^/()*- (29) 
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To solve this eqation, we introduce solutions of the following equations; 
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They are given as, 


1/2 
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Using these solutions, we will integrate the valley equation. We multiply (|^) and (|^) by ripa, 
and multiply (^71) and by r^^ph then integrate them from 0 to r. Integrating by parts and 
using (^OD, we obtain 
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First we will find d. The right-handed side of is proposional to (U — 1/4) and when r 
goes to infinity this approaches a constant. At r S> 1, (|3^) becomes 


(36) 


= ('c-b. 


r dr 
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Then at r S> 1, d{r) is propotional to {C — l/4)r2 and a(r) becomes 


a = — 
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12A 


(37) 


To match this with (|22|), it must be hold that (7=1/4 when pv = 0. When C = 1/4, 


the right-handed sides of (|3^ vanishes and d satisfy —ifadd/dr + dd(pa/dr = 0. Hence d is 
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a = D ipa, where D is a constant. Identifing oq + {pv^d with again at r 3> 1, we find that 
Cl + C’i/v = —27r^ and Cs = —tt^ at pv = 0. In the same manner, h, /“ and are obtained. 
At r S> 1 , we find 


h = const. + ■ • •, 


/“ = 
fh = 


48A 
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u r 


16A 


(1 - 2u) + 


16 


(1 — 2iy) In r + ■ ■ ■ 


(38) 


Here const, is a constant of integration. Comparing (p3D-(p5D with them, we find that C 2 + 
Ca/v = 27r^, C 4 = TT^ and i/ = 1/4 at pn = 0. 


Now we have obtained the solntion of the new valley eqnation. Near the origin of the 
valley instanton, it is given as a = ao, h = ho, /“ = /q and = /g. As r becomes large, the 
correction terms become important; 


a — — + ■■■, 
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and finally it is given by (^)-(^), where Ci = 27r^, C 2 = —27r^, = vr^ and 

z/ = 1/4 at pn = 0. Let ns make a brief comment abont the consistecy of onr analysis. Until 


now, we have implicitly assnmed that there exists an overlapping region where both (^)-(^) 
and (^)-(^) are valid. Using the above solntion, it is fonnd that ([T^ ) - ([T 6 |) are valid when 
r S> and (P 6 D-(PUD are valid when r -C {pv)~^. If pv is small enongh, there exists the 

overlapping region (pn)“^/^ r <C {pv)~^. Then onr analysis is consistent. 


The action of the valley instanton can be calncnlated nsing the above solntion. Rewriting 
the action in terms of a and h, we find 

I + 4a^(a - 1)^ }• , 
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Snbstitnting the above solntion for S, we obtain 


87r^ Ott^ 

S=— + —{pvf + 0{{pvfHpv)). 
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(40) 

(41) 

(42) 


The leading contribntion 87 r^/p^ comes from Sg for oq, which is the action of the instanton, 
and the next-to-leading contribntion comes from Sh for og and hg. 


7 















4 Numerical analysis 


In this section, we solve the valley equation (|D-(|TT]) numerically. We need a careful discussion 
for solving the valley equation (i)-(0): Since the solution must be regular at the origin, we 
assume the following expansions; 

OO 

«(^) = H 

OO 

/“(r) = E /(»)’■". 

n=0 

for r -C 1. Inserting (^31) to (i-(0), we obtain 


h{r) = Y, hnY, 


ri.=0 

OO 


!\r) = E /( 


71=0 


h „71 
nf 7 


(43) 


0(0) = 1, h(o) = 1, /(o) = 0, /(o) = 0, 

a(i) = 0,/('l) = 0, (44) 

^( 2 )= 0 ,/(^ 2 )= 0 . 


The coefficients 0 ( 2 ), h(i), f^ 2 } /(^^ are not determined and remain as free parameters. 

The higher-order coefficients {n > 3) are determined in terms of these parameters. Four free 
parameters are determined by boundary conditions at inhnity. The hniteness of action requires 
o, h ^ 0 faster than 1/r^ at inhnity. This condition also requires fa, fh 0. 


We have introduced p as a free scale parameter. We adjust this parameter p so that 
0 ( 2 ) = —2 to make the radius of the valley instanton unity. As a result we have four parameters 
h(i), f^ 2 )-i f(i) pv for a given v. These four parameters are determined so that o, h, /“, 
and /^ —0 at inhnity. 


A numerical solution is plotted in Fig.|I] and Fig.^ for p = 0.1 and \/= 1. Fig.|l| is 
for the region near the origin and Fig.|] is for the asymptotic region. This behavior of the 
numerical solution agrees with the result of the previous section. In fact, if we plot the 
numerical solution and the instanton solution (0 with C = 1/4 near the origin, these two 
lines completely overlap with each other at the present scale. In the same way, the solution 
in Fig.|^ and the analytic solution (P^)-(P3|) also overlap with each other. 


The values of the action at pv = 0.001, 0.005, 0.01, 0.02, 0.05 and 0.1 are plotted in Fig.^. 
The solid line shows the behavior of the action of the analytical result (^^ . This hgure shows 
that our numerical solutions are quite consistent with 


The relation between the scaled eigenvalue z/ and pv is plotted in Fig.^. We hnd the 
tendency that v 1/4 as pv 0. (For very small pv, the values of v are different from 1/4. 



This, however, should not be taken seriously due to the numerical difficulties.) This result 
also confirms the analysis of section 3. 

We summarize all the numerical data in the Table ^ 


5 Conclusions 


In this letter we have presented a construction of the finite size instanton in the SU(2) gauge- 
Higgs system. We used the new valley method for this purpose. From the analysis both 
analytic and numerical, we have established the existence of the solution, which has the same 
tensor structure as the point-like instanton, but has a finite radius. 


We have found that the deformation of the valley instanton is smaller than that of the con¬ 
straint instanton. For example, there appears a 0((pu)^) correction to a(x) in the constraint 
instanton while there is no 0((pv)^) correction in the valley instanton. This infers that 
the behavior of the large-radius valley instanton is quite different from that of the constrained 
instanton We expect that the valley instanton has a much smaller action than the constrained 
instanton, although analysis of such a configuration is difficult both analytically and numer¬ 
ically. Instead, we have carried out analysis of the scalar field case studied in [|^ and found 
that in fact the valley instanton has much more desirable behaviors. Thus we expect that 
overall our valley instanton has larger contribution to the functional integral and gives us a 
better approximation scheme. 

We note here that there is a way to incorporate the new valley equation itself in the 


constrained instanton formalism: As noted in [j^ , the new valley equation can be understood 
as the equation of motion under the constraint / /5(l)a{x)Y. (The eigenvalue A 
plays the role of the constraint parameter.) In this sense, the new valley method gives us 
the definition of the constraint: There is no arbitrariness in the constraint as we mentioned 
in the introduction. The constraint determined by the new valley method guarantees the 
effectiveness of the approximation scheme, for the new valley method has many virtues as a 
means of determining the dominant configurations. 


In this letter, we have not incorporated fermions in the theory. Its introduction is straight¬ 
forward, however. We need to solve the mode equations for fermion fields in the background 
of the valley instanton, as we have no reason to take into account the fermion contribution to 
the new valley equation itself. Analysis along this line is in progress and will be reported in 
future publications. 


9 












Acknowledgment 

One of the authors (H.A.) is supported in part by the Grant-in-Aid ^C-07640391 from the 
Ministry of Education, Science and Culture. M. S. and S. W. are the fellows of the Japan 
Society for the Promotion of Science for Japanese Junior Scientist. 


10 



References 


[1] G. ’t Hooft, Phys. Rev. Lett. 37 (1976) 8; Phys. Rev. D14 (1976) 3422. 

[2] F. R. Klinkhamer and N. S. Manton, Phys. Rev. D30 (1984) 2212. 

[3] A. Ringwald, Nucl. Phys. B330 (1990) 1. 

[4] O. Espinosa Nucl. Phys. B343 (1990) 310. 

[5] H. Aoyama and H. Kikuchi, Phys. Lett. B247 (1990) 75; Phys. Rev. D43 (1991) 1999; 
hit. Mod. Phys. A7 (1992) 2741. 

[6] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B229 
(1983) 407. 

[7] I. Affleck, M. Dine and N. Seiberg, Nucl. Phys. B241 (1984) 493. 

[8] A. V. Yung, Nucl. Phys. B297 (1988) 47. 

[9] D. Amati, K. Konishi, Y. Meurice, G. G. Rossi and G. Veneziano, Phys. Rept. 162 (1988) 
169 and references therein. 

[10] I. Affleck, Nucl. Phys. B191 (1981) 429. 

[11] V. V. Khoze and A. Ringwald, Nucl. Phys. B355 (1991) 351. 

[12] H. Aoyama and H. Kikuchi, Nucl. Phys. B369 (1992) 219. 

[13] H. Aoyama and S. Wada, Phys. Lett. B349 (1995) 279 

[14] I. I. Balitsky and A. V. Yung, Phys. Lett. B168 (1986) 113 


11 



Figure captions 


Fig.l Shapes of the numerical solution of a(r), /“(r), h{r) and f^{r) for pv = 0.1 near the 
origin. 

Fig.2 Shapes of the numerical solution of a(r), /“(r), h{r) and /^(r) for pv = 0.1 in the 
asymptotic region. 

Fig.3 The action S (in units g'^S/Sn'^) of the numerical solution of the valley equation, at 
X/g'^ = 1, as a function of the parameter pv. The solid line is the behavior of the 
analytical result that g‘^S/8n‘^ = 1 + p^/4. 

Fig.4 Numerical results of the scaled eigenvalues v at pv = 0.001, 0.005, 0.01, 0.02, 0.05 and 

0 . 1 . 
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pv 

V 

/i(i) 

fh 

fh 

/(I) 

g^S/8n^ 

0.001 

0.250048 

-1.000065 

0.500064 

0.250048 

1.000000 

0.005 

0.250048 

-1.000069 

0.500069 

0.250046 

1.000006 

0.01 

0.250050 

-1.000010 

0.500108 

0.250041 

1.000025 

0.02 

0.250065 

-1.000130 

0.500289 

0.250130 

1.000100 

0.05 

0.250330 

-1.000200 

0.501419 

0.250519 

1.000625 

0.1 

0.250870 

-1.000489 

0.504364 

0.251544 

1.002503 


Table 1: The numerical data of /w, z/, h(i), f(i) g‘^S/8n‘^. 
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Fig.3 


Figure 3: The action S (in units g‘^S/8n‘^) of the numerical solution of the valley equation, at 
X/g"^ = 1, as a function of the parameter pv. The solid line is the behavior of the analytical 
result that g‘^S/8n‘^ = 1 + p^/4. 
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